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BOUNDARY LAYER CALCULATION ON THE INSULATED WALLS OF A MHD 
GENERATOR CHANNEL WITH ALLOWANCE FOR HALL CURRENT 
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An examination is made of the laminar boundary lay;:r of low- 
temperature plasma on the insulated wails of a MltD generator chan- 
nel with arbitrary magnetic field along the channel, perpendicular 
to the wall. AP. example of a boundary layer calculation by tbis 
method is given. 

When an electrically conducting, low-temperature 
plasma flows in a MHD generator channel, the boun- 

dary layers formed near the walls and the electrodes 

have an appreciable influence on generator charac- 
teristics. 

The p r e s e n t  palJer examines  the l a m i n a r  boundary  
l aye r  on the insula ted  wal ls  with al lowance for  Hall 
c u r r e n t .  The method of ca lcu la t ion  d e s c r i b e d  enab les  
some of the poor ly  founded a s sumpt ions  used by 
K e r r e b r o c k  [1] to be avoided,  p a l t i e u l a r l y  the a s s u m p -  
t ion of local  s i m i l a r i t y .  

1. S ta tement  of the p rob lem.  A s t r e a m  of low- 
t e m p e r a t u r e  p l a s m a  moves  in a r e c t a n g u l a r  channel  
with velocity u (Fig. i). Two of the walls are in- 
sulated, the other two being electrodes. Motion oc- 
curs at right angles to the magnetic field, which has 
an arbitrary distribution along the channel. The elec- 

tric current generated has two components: a current 

jy directed across the channel, and a Hall current 
Jx along the channel  axis .  As a r e s u l t  of the Hall  c u r -  
r en t ,  t he re  is a t r a n s v e r s e  veloci ty  component  v in 
the boundary  l aye r ,  caus ing  apprec iab le  t h r e e -  
d imens iona l  effects in the boundary  l aye r  on the 
insu la ted  walls .  

The solut ion is c a r r i e d  out unde r  the following 
as sumpt ions :  

1. The p l a s m a  s t r e a m  is steady. 
2. The flow is l a m i n a r .  
3. The p l a s m a  is c o m p r e s s i b l e .  
4. Re m << 1. The magnet ic  f ield has one compo-  

nent  along the z axis ,  and this  is a funct ion of x. 

5. The Hall  coeff ic ient  is fie = ~~ ~ 0. 
The equat ions de sc r ib ing  .the boundary  l aye r  may 

be s impl i f i ed  apprec iab ly  by taking into account  the 
fact that the t r a n s v e r s e  ve loc i ty  component  v due to 
the Hall c u r r e n t  is not l a rge ,  and by omit t ing  t e r m s  
of o rde r  6 and less  in the equa t ions ,  the boundary  
l aye r  equat ions m a y  be wr i t t en  as follows: 

0 [ C J  ! u ~ i-v:: 

- o= L" o= .1 + oW " - a T  (4) 

p = p gRT,  (5) 

p = ~:: (T/T,)',, X = ~, (T/T,)', ,  (6) 

o -- a(p, T) (7) 
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Fig. 1. C r os s  sec t ion  of the MHD g e n e r a t o r  

channel .  

with boundary  condi t ions  

u = v = w = 0 ,  T = T ~ w h e n z = 0 ,  

u--, .u~(x),  w = v - ~ 0 ,  T--*T~o when z - ~ .  (8) 

The system of equations obtained coincides with 

that used in Kerrebrock's analysis [i]. We have 
managed to eliminate v from (3), and we may there- 

fore examine the problem as a plane one, using the 

stream function ~. 
From the solution of the problem, in the one-dimen- 

sional approximation, of the motion of an inviseid 
non-heat-conducting plasma in crossed electric and 

magnetic fields, under the condition T~ = const, the 

flow parameters Poo(x), u ~ (x), j ~ (x) in the stream 
core are determined. We consider that there is no 
Hall current in the core, which is possible where 
there is an applied electric field along the flow axis 

aOu) O(pw) 
- - +  - -  - o ,  ( 1 )  

a.~ 8z 

0 Ou r , ( u G / + ~ ' - ~ - z  ) = - -  d - - T O u  O u  0 +G_z (~G_~ ) - - @ ,  (2) 

p lu ~ + w - - ' =  Ov 
Oz / Oz &-z 

(3) 

Ex - p,,~ (E v - -  u~ B). (9) 

We transform Eqs. (2)-(4) with the help of the 

stream core equations 

dp du~ 

dx dx 
(lo) 
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., du~ r~u~ ~ = b. E~. (11) 

Substituting (10) and (11) into (2)-(4),  and a s s u m -  
ing n = 1 in (6), we obtain 

Ou Ou 
PU~x-x + O w  az - 

9 ~ u ~ . U - + & - z  \I az ] +B(i~- - i , , ) ,  (2') 

& av a ( & )  
p u ~ -t- P w az az p~ ~ z  -[- ].B, (3 ') 

a [ .~4-v"-] o [  u~-+v ~ ] 
9U~x CvT + ~ - -  + g w  Ct'T ~- 2 " 

2 du~ ]y 
- - ~ u ~  (4') 

dx ]~ 

2. Method of solution.  The solution of  (2 ' ) - (4 ' )  is 
effected by introducing into the equations the Dorod-  
n i t syn va r i ab les  [1, 3] 

x =  i P dx, ~1=(. u-~--* t l / 2 ;  P dz. (12) 
. p ,  \ 2 v , x .  9 ,  
0 0 

Taking into account  the exper imenta l  data obtained 
in flow of l ow- t empe ra t u r e  p l a sm a s  in r ec t angu la r  
channels ,  and also the fact  that  the opt imum c o n s t r u c -  
t ion fo r  g e n e r a t o r s  is a channel  in the shape of a 
d i f fuser ,  the re la t ion  u~(x) m a y  be approximated  with 
a high degree  of a c c u r a c y  by the "one-s lope"  ve loc i ty  
prof i le  fo rmula  

u~ (x) = u, (1 -- rex) =: u, (1 -- ~_), (13) 

where  ~ << 1. 
Let  us introduce the s t r e a m  function ~, sa t is fying 

the continuity equation (1) 

~ h r ~  
9u=-~m*,  9 w = - - - - - !  (14) 

Oz Ox 
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Following Howarth* [2], we shall represent the 
stream function as a power series in ~: 

, = V ~  if0 (~) --(at) fl (4) + (8~) ~ f~ (0)--...1. (15) 

S imi la r ly ,  we s h a h  expand the d imens ion less  t e m -  
p e r a t u r e  | in a s e r i e s  of ascending powers  of ~: 

0 = T/T~ = O0 (4)--  (8~) 01 (~) § (8~) ~ 02 01) - - . . .  (16) 

The s t r e a m  ve loc i t ies  in the longitudinal and 
t r a n s v e r s e  d i rec t ions  may  be wri t ten  in the f o r m  

u u/. .  = If; (n) - -  

- -  (8~)f', (~]) ~- (8~) ~ f~ (~1) - - . - - l ,  ( 1 7 ) * *  

v = v / u . = [ - - ( 8 ~ ) r , ( ~ ) + ( 8 ~ ) 2 & ( ' q )  . . . .  ], (18) 

Auxi l iary  equations [1] were  used in the solution: 
for  the e lec t r ica l  conduct ivi ty  through the boun- 

da ry  l aye r  

o = a ~  exp{ - -  Z[1/O-- 1]} (19) 

(where • = go/2k, go is the ionizat ion potent ia l  of the 
re levan t  alkali  metal) ;  

for  the Hall coeff icient  under  equi l ibr ium conduc-  
t ion (19) 

*In calculating the boundary layers the Howarth 
method was used, first applied, as far as we know, 
to flow of compressible fluids in a magnetic field by 
Genkin [5]. 

**Here and below the prime denotes differentiation 
with respect to ~. 
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Fig. 2. Dependence of a) u/u~o, b) | and c) j / j ~  on ~ in the boundary 
l aye r  on an insulated wall  in a MHD genera to r  channel  (x = 0.8;  K = 
= 0 .5 ;  fie~ = 2 .5 ;  M. = 1.0):  1) without allowing for  cu r r en t  t e r m s ;  2) 
allowing for  jy and Jx; 3) dis t r ibut ion of the t r a n s v e r s e  e lec t r ic  c u r -  

rent  jy / j~ ;  4) dis t r ibut ion of Hall cu r ren t  Jx/J~. 
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The  d i m e n s i o n l e s s  e l e c t r i c  c u r r e n t s  a r e  found 
f r o m  the e x p r e s s i o n s  

" -  ~ ( ~ I [  ( ~ T )  
+ /  1 ~ v 

I T ~ ) ( ~ , ~ f  + - - ) i  , u~ {~~, 

where  K = Ey/Uo~ B is  the e l e c t r o m a g n e t i c  load f ac to r ,  
and 

i~ = ' ~  (Ev - -  u~, B).  (23)  

Following subst i tu t ion of all  the r e l a t ions  used  into 
( 2 ' ) - ( 4 ' ) ,  and sl ight  t r a n s f o r m a t i o n s ,  we obtain 
t h r e e  infinite s y s t e m s  of o rd ina ry  d i f fe ren t ia l  equa-  
t ions  by equat ing coef f ic ien ts  of  ident ical  power s  of 

1. F o r  the equat ions of  mot ion  in the longitudinal  
d i rec t ion  (2') 

fo" + fofo = 0, (24) 

f i "  + f .  f i  - -  2~ f ;  + 3 f ;  f i  =- - -  Oo-- 

-~- I , - ,  [( ~-&-)+ 
+ t',,~ ~o + 

II ~ 0~/~ -(~ +-~)(, +~-)+ ~[(-AT_, )+,~ ]~ 

' )[4(~,+~)+ 1 
X ( O l +  T 

+ 0 o (  g 16 (26) 

. ~ ~ . . . . . . . . . . . . . . . . . . .  

2. F o r  the equat ions of mot ion  in the t r a n s v e r s e  
d i rec t ion  (3') 

~ + ~ . 4 -  4~; r~ = ~d~ - awl - 
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3. Fo r  the ene rgy  equat ions (4') 

1 G + foOo = - Pd~', (29) 
Pr, 

i o~' + foO; - 2fo o ,  - -  - 30;  f, - 
P r ,  

j 2  , 

- -  p, [fogf~ + 3f'of~ h + fof;f~ - -  2f0 [, 4- 

+ 2f~' f~ + f~ f'o" + f ' / '  f~] - -  

IL~ ,, ,~3j2| 

' i ot 

o~ 4 io o :  - 4L e~ = 2 o l  t; - 80~ f l -  5o~ f~ + 
Pr, 

z 

+ 61 i4fi ' f i  + 4g f~ - 5f~ fo f ~ -  3g h f; - 

- -  f', f / '  - -  f~ '  - -  2 f#  f'~ - -  rio" f'~] + 
, 2  a 

1 

(__ f; fo O~/2&) , (31) x T + - i ~ -  + p~ Oo 
. . . . . . . . . . . . . . . . . .  , . . . .  

These systems are solved crosswise. Because of 

the smallness of ~ we may confine attention to the 

second approximation. 

In the equations we have put 

II = 11/(1 + [32e~ Oo)1 exp { - -Z[1 /Oo- -  ll}, (32) 
= i 2 F [~e~: [1/(1 T [ ~ @ o ) ] ( 1 - - 1 / K ) e x p { - - z [ l / O o - - l l } ,  (33) 

~1 = (T-- 1) (M2o/4) - 

For simplification in (24)-(31) we have used 

= u~ ex p ~ - -  ;(. [ 1/0o-- 11 I, (34) 
1 / 2  Pe = ~,~ o0. (35) 

For calculation purposes the results obtained may 

be improved using (19) and (20). 
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To obtain the solut ions  the wall  t e rnpe ra tu re  O w 
was a s sumed  to be cons tant ,  while the e l ec t romagne t i c  
load factor  K may  be cons tant  o r  may be ass igned  in 
the fo rm of a funct ion of channel  length. 

The boundary  condi t ions  which mus t  be sa t i s f i ed  by 
the funct ions 

fo ,  f l ,  fe . . . . .  fn ,  r , ,  r2 . . . . .  

r . ,  Oo, 01, 02 . . . . .  On, 

a re  de r ived  f rom the gene ra l  boundary  condi t ions  (8), 

when ~ = 0 
f o = f , = h  . . . . .  fn = 0 ,  

t ;  = t ;  = t ;  . . . . .  t;, = o, 
r l  = r 2  = . . . = r n  = O ,  

Oo=O~,  0 1 = 0 2  . . . . .  O n=O;  
when ~i -~ ~ 

# ~ 2.0, t; -,- 0 .25 ,  t ;  . . . . .  t;, - ,  o, 

t ' l - - Y 2  ~ . .  �9 ~ Y n ' - ~ O ,  

O, -~ 1.0, 01 = 02 . . . .  = On "-~ O. 

3. Example  of ca lcula t ion .  Using the above equa-  
t ions ,  we ca lcula ted  the t h e r m o d y n a m i c ,  hydrodynamic ,  
and e l ec t r i c a l  p a r a m e t e r s  of a p l a s m a  in the boundary  
l aye r  on an insu la ted  wall  in a M i l d  g e n e r a t o r  chan-  
ne l  with the following in i t ia l  data: the p l a s m a  is he -  
l ium with 1.5% by weight of ce s ium;  p ,  = 1.22 atm.  
a b s ; T  = T .  =2400 ~ K ; m = 0 . 1 ; B = 2 . 0  Wb/m2; u ,  = 
=2800 m/ see ;  L =  1 . 0 r e ; b = 2 . 2 .  10 - 2 m ,  d =  5 . 0 .  
�9 10 -2 m~ X = 7 .5 ;  K = 0 .5 ;  T w = 1440 ~ K; P r .  = 0.7.  

F igure  2 shows ~,  O, jy,  ]-x for the sect ion x = 0.8. 
Compar i son  of the value for  p l a s m a  longi tudinal  ve loc-  
ity E and t e m p e r a t u r e  @ with the va lues  in the o rd i -  
na ry  t h e r m a l  boundary  l aye r ,  indica tes  that  the re  is 

negl ig ib le  r e t a rda t i on  of the p l a s m a  due to e l e c t r o -  
magne t ic  fo rces ,  negl ig ib le  r e d i s t r i b u t i o n  of veloci ty  
prof i le  in the boundary  l aye r ,  and negl ig ib le  t e m p e r a -  
t u r e  i n c r e a s e  due to joule heat ing of the p la sma .  

The velocity gradients normal to the wall and the 
temperatures are increased, leading to increased 
friction and heat transfer on the insulated walls. The 
relevant expressions may be easily obtained [3, 4]. 

The transverse velocity v due to the Hall effect is 
insignificant because of the weak magnetohydrody- 
namic interaction. 

It  should be noted that the choice of e l e c t r o m a g -  
ne t ic  load fac tor  K and wall  t e m p e r a t u r e  O w has a 
cons ide rab le  inf luence on the d i s t r ibu t ion  of the p l a s -  
ma  p a r a m e t e r s  in the boundary  layer .  

N O T  A T  I O N  

V(u, v, w)-plasma velocity; p-plasma density; p-dynamic 
viscosity; v-kinematic viscosity; Rem-magnetic Reynolds number; 
R-gas constant; p-pressure; Cp-plasma specific heat; k-thermaI 
conductivity; T-stream temperature; g-free-fall acceleration; 13- 
magnetic induction; j-electric current density; o-electrical con- 
ductivity; ge-ldall coefficient; E-electric field intensity; K-elec- 
tromagnetic load factor; k-Boltzmann constant; •  coefficient; 
@-stream function; 6-magnetodynamic boundary iayer thickness; 
L, b, and d-length, height, and width of channel; ),-adiabatic 
exponent; M-Mach number. Subscripts: *-conditions at initial 
section; ~o-in flow core; co-at wall. 
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